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Abstract
In this paper, we extend the generalized Caristi’s fixed point theorems proved by Bae [J. Math.
Anal. Appl. 284 (2003) 690–697] and others.
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1. Introduction
In 1976, Caristi proved the following fixed point theorem, which is a generalization of
the Banach contraction principle [3].
Theorem 1 (Caristi [4], Caristi and Kirk [5]). Let X be a complete metric space with
metric d . Let T be a mapping from X into itself and let f be a lower semicontinuous
function from X into [0,∞). Assume that
d(x,T x) f (x) − f (T x)
for all x ∈ X. Then T has a fixed point in X.
E-mail address: suzuki-t@mns.kyutech.ac.jp.0022-247X/$ – see front matter  2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2004.08.019
T. Suzuki / J. Math. Anal. Appl. 302 (2005) 502–508 503Caristi’s fixed point theorem is one of the most important fixed point theorems in
complete metric spaces because Caristi’s theorem is a variety of Ekeland’s ε-variational
principle [7,8], which is very applicable. We also know that the conclusion of Caristi’s
theorem is equivalent to the metric completeness as follows: Let X be a metric space with
metric d . Then X is complete if and only if for every mapping T from X into itself with a
lower semicontinuous function f from X into [0,∞) such that d(x,T x) f (x)− f (T x)
for all x ∈ X, T has a fixed point in X [18].
Caristi’s fixed point theorem is generalized by several authors. For example, Bae [1]
generalized Caristi’s theorem to prove fixed point theorems for weakly contractive set-
valued mappings. Downing and Kirk [6] generalize Caristi’s theorem to prove the surjec-
tivity theorems for nonlinear closed mappings. See also [2,12,13] and others.
In this paper, we generalize the results in [1,2]. We also give the simple proofs of them.
2. Main result
In this section, we prove our main result.
Theorem 2. Let X be a complete metric space with metric d . Let T be a mapping from
X into itself and let f be a lower semicontinuous function from X into [0,∞). Let ϕ be a
function from X into [0,∞) satisfying
sup
{
ϕ(x): x ∈ X, f (x) inf
w∈X f (w) + η
}
< ∞
for some η > 0. Assume that
d(x,T x) ϕ(x)
(
f (x)− f (T x))
for all x ∈ X. Then there exists a fixed point x0 ∈ X of T .
Remark. To prove Theorem 2, we only use Theorem 1. So, Theorems 3–5 below can be
directly proved by Theorem 1.
Proof. In the case of ϕ(x) > 0, we have f (T x) f (x) from the assumption. In the case
of ϕ(x) = 0, we have d(x,T x) = 0 and hence f (T x) = f (x). Therefore f (T x) f (x)
for all x ∈ X. Put
Y =
{
x ∈ X: f (x) inf
w∈X f (w) + η
}
and γ = sup
w∈Y
ϕ(w) < ∞.
Note that Y is closed and hence complete because X is complete and f is lower semicon-
tinuous. It is clear that Y is nonempty and T Y ⊂ Y because of f (T x) f (x) for x ∈ X.
We also have
d(x,T x) γ
(
f (x)− f (T x))
for all x ∈ Y . Since x → γf (x) is lower semicontinuous, there exists a fixed point x0 ∈
Y ⊂ X of T by Theorem 1. 
Using Theorem 2, we give the simple proofs of the results in [1,2].
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a mapping from X into itself and let f be a lower semicontinuous function from X into
[0,∞). Let c be a function from [0,∞) into itself. Assume that c is upper semicontinuous
from the right, and
d(x,T x)max
{
c
(
f (x)
)
, c
(
f (T x)
)}(
f (x)− f (T x))
for all x ∈ X. Then T has a fixed point in X.
Proof. Put t0 = infw∈X f (w) and fix γ > c(t0). Then since c is upper semicontinuous
from the right, there exists η > 0 such that c(t) γ for t ∈ [t0, t0 + η]. Define a function
ϕ from X into [0,∞) by
ϕ(x) = max{c(f (x)), c(f (T x))}
for x ∈ X. As in the proof of Theorem 2, we can prove that f (T x) f (x) for all x ∈ X.
So, for x ∈ X with f (x) t0 +η, we have f (T x) t0 +η and hence ϕ(x) γ . Therefore
we obtain
sup
{
ϕ(x): x ∈ X, f (x) inf
w∈X f (w) + η
}
 γ < ∞.
So, by Theorem 2, we obtain the desired result. 
Theorem 4 (Bae [1], Bae et al. [2]). Let X be a complete metric space with metric d . Let
T be a mapping from X into itself and let f be a lower semicontinuous function from X
into [0,∞). Let c be a nondecreasing function from [0,∞) into itself. Assume either of the
following:
(i) d(x,T x) c(f (x))(f (x) − f (T x)) for all x ∈ X; or
(ii) d(x,T x) c(f (T x))(f (x) − f (T x)) for all x ∈ X.
Then T has a fixed point in X.
Proof. As in the proof of Theorem 2, we can prove that f (T x)  f (x) for all x ∈ X.
Hence, we have c(f (T x))  c(f (x)). So, (ii) implies (i). Therefore we only prove this
theorem in the case of (i). Define a function ϕ from X into [0,∞) by
ϕ(x) = c(f (x))
for x ∈ X. Then we have
sup
{
ϕ(x): x ∈ X, f (x) inf
w∈X f (w) + 1
}
 c
(
inf
w∈Xf (w) + 1
)
< ∞.
By Theorem 2, we obtain the desired result. 
Theorem 5 (Bae [1]). Let X be a complete metric space with metric d . Let T be a mapping
from X into itself and let f be a lower semicontinuous function from X into [0,∞). Assume
that d(x,T x) f (x) for all x ∈ X, and that there exists an upper semicontinuous function
c from [0,∞) into itself satisfying
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(
d(x,T x)
)(
f (x) − f (T x))
for all x ∈ X. Then T has a fixed point in X.
Proof. Define a function ϕ from X into [0,∞) by
ϕ(x) = c(d(x,T x))
for x ∈ X. For x ∈ X with f (x) infw∈X f (w) + 1, we have
ϕ(x) sup
{
c(t): 0 t  d(x,T x)
}
 sup
{
c(t): 0 t  f (x)
}
 sup
{
c(t): 0 t  inf
w∈Xf (w) + 1
}
.
Hence
sup
{
ϕ(x): x ∈ X, f (x) inf
w∈X f (w) + 1
}
max
{
c(t): 0 t  inf
w∈Xf (w) + 1
}
< ∞
because c is upper semicontinuous. So, by Theorem 2, we obtain the desired result. 
3. τ -distance
In [12], Suzuki introduced the notion of τ -distance to generalize the results of Tataru
[17], Zhong [19] and others.
Let X be a metric space with metric d . Then a function p from X × X into [0,∞) is
called a τ -distance on X if there exists a function η from X × [0,∞) into [0,∞) and the
following are satisfied:
(τ1) p(x, z) p(x, y)+ p(y, z) for all x, y, z ∈ X;
(τ2) η(x,0) = 0 and η(x, t) t for all x ∈ X and t ∈ [0,∞), and η is concave and con-
tinuous in its second variable;
(τ3) limn xn = x and limn sup{η(zn,p(zn, xm)): m n} = 0 imply
p(w,x) lim inf
n
p(w,xn) for all w ∈ X;
(τ4) limn sup{p(xn, ym): m n} = 0 and limn η(xn, tn) = 0 imply
lim
n
η(yn, tn) = 0;
(τ5) limn η(zn,p(zn, xn)) = 0 and limn η(zn,p(zn, yn)) = 0 imply
lim
n
d(xn, yn) = 0.
The metric d is a τ -distance on X. Many useful examples are stated in [9–16]. The follow-
ing are proved in [12].
Proposition 1 [12]. Let p be a τ -distance on a metric space X. If p(x, y) = 0 and
p(x, z) = 0, then y = z.
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be a mapping from X into itself and let f be a lower semicontinuous function from X into
[0,∞). Assume that
p(x,T x) f (x) − f (T x)
for all x ∈ X. Then there exists x0 ∈ X such that T x0 = x0 and p(x0, x0) = 0.
Using Theorem 6, we prove the following generalization of Theorem 6.
Theorem 7. Let X be a complete metric space and let p be a τ -distance on X. Let T be
a mapping from X into itself and let f be a lower semicontinuous function from X into
[0,∞). Let ϕ be a function from X into (0,∞) satisfying
sup
{
ϕ(x): x ∈ X, f (x) inf
w∈X f (w) + η
}
< ∞
for some η > 0. Assume that
p(x,T x) ϕ(x)
(
f (x)− f (T x))
for all x ∈ X. Then there exists x0 ∈ X such that T x0 = x0 and p(x0, x0) = 0.
Remark. We need the assumption that ϕ(x) > 0 for all x ∈ X because p(x,T x) = 0 does
not imply x = T x . And we can replace the assumption of ϕ(x) > 0 by the more general
assumption of f (T x)  f (x). Thus we may consider Theorem 7 as a generalization of
Theorem 2 essentially.
Proof. Since ϕ(x) > 0, we have f (T x) f (x) for all x ∈ X from the assumption. So, we
can prove the conclusion as in the proof of Theorem 2. 
As in the proof of Theorems 3–5, we can prove the following. As in the above-
mentioned remark, we can replace the assumption that c(t) > 0 for all t ∈ [0,∞) by the
more general assumption that f (T x) f (x) for all x ∈ X. Therefore we may consider the
following theorems are generalizations of Theorems 3–5 essentially.
Theorem 8. Let X be a complete metric space and let p be a τ -distance on X. Let T be
a mapping from X into itself and let f be a lower semicontinuous function from X into
[0,∞). Let c be a function from [0,∞) into (0,∞). Assume that c is upper semicontinuous
from the right, and
p(x,T x)max
{
c
(
f (x)
)
, c
(
f (T x)
)}(
f (x)− f (T x))
for all x ∈ X. Then there exists x0 ∈ X such that T x0 = x0 and p(x0, x0) = 0.
Theorem 9. Let X be a complete metric space and let p be a τ -distance on X. Let T be
a mapping from X into itself and let f be a lower semicontinuous function from X into
[0,∞). Let c be a nondecreasing function from [0,∞) into (0,∞). Assume that
p(x,T x) c
(
f (x)
)(
f (x) − f (T x))
for all x ∈ X. Then there exists x0 ∈ X such that T x0 = x0 and p(x0, x0) = 0.
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be a mapping from X into itself and let f be a lower semicontinuous function from X
into [0,∞). Assume that p(x,T x)  f (x) for all x ∈ X, and that there exists an upper
semicontinuous function c from [0,∞) into (0,∞) satisfying
p(x,T x) c
(
p(x,T x)
)(
f (x) − f (T x))
for all x ∈ X. Then there exists x0 ∈ X such that T x0 = x0 and p(x0, x0) = 0.
We do not need the assumption of c(t) > 0 in the following theorem.
Theorem 11. Let X be a complete metric space and let p be a τ -distance on X. Let T be
a mapping from X into itself and let f be a lower semicontinuous function from X into
[0,∞). Let c be a nondecreasing function from [0,∞) into itself. Assume that
p(x,T x) c
(
f (T x)
)(
f (x)− f (T x))
for all x ∈ X. Then there exists x0 ∈ X such that T x0 = x0 and p(x0, x0) = 0.
Proof. In the case that c(f (T x)) > 0 for all x ∈ X, we have f (T x)  f (x) and hence
0 < c(f (T x)) c(f (x)) for all x ∈ X. So, we obtain
p(x,T x) c
(
f (T x)
)(
f (x)− f (T x)) c(f (x))(f (x) − f (T x))
for all x ∈ X. Hence, the conclusion holds by Theorem 9. Now, we assume that there exists
z ∈ X such that c(f (T z)) = 0. Then by the assumption, we have p(z,T z) = 0. By the
assumption again, we get
p(T z,T 2z) c
(
f (T 2z)
)(
f (T z) − f (T 2z)).
If f (T 2z) > f (T z), then we have c(f (T 2z)) = 0. If f (T 2z) f (T z), then we have
0 c
(
f (T 2z)
)
 c
(
f (T z)
) = 0.
So, we obtain p(T z,T 2z) = 0. From
0 p(z,T 2z) p(z,T z) + p(T z,T 2z) = 0,
we have T 2z = T z by Proposition 1. We also obtain p(T z,T z) = 0. This completes the
proof. 
References
[1] J.S. Bae, Fixed point theorems for weakly contractive multivalued maps, J. Math. Anal. Appl. 284 (2003)
690–697.
[2] J.S. Bae, E.W. Cho, S.H. Yeom, A generalization of the Caristi–Kirk fixed point theorem and its applications
to mapping theorems, J. Korean Math. Soc. 31 (1994) 29–48.
[3] S. Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations intégrales, Fund.
Math. 3 (1922) 133–181.
[4] J. Caristi, Fixed point theorems for mappings satisfying inwardness conditions, Trans. Amer. Math. Soc. 215
(1976) 241–251.
508 T. Suzuki / J. Math. Anal. Appl. 302 (2005) 502–508[5] J. Caristi, W.A. Kirk, Geometric fixed point theory and inwardness conditions, in: Lecture Notes in Math.,
vol. 490, Springer, Berlin, 1975, pp. 74–83.
[6] D. Downing, W.A. Kirk, A generalization of Caristi’s theorem with applications to nonlinear mapping the-
ory, Pacific J. Math. 69 (1977) 339–346.
[7] I. Ekeland, On the variational principle, J. Math. Anal. Appl. 47 (1974) 324–353.
[8] I. Ekeland, Nonconvex minimization problems, Bull. Amer. Math. Soc. 1 (1979) 443–474.
[9] O. Kada, T. Suzuki, W. Takahashi, Nonconvex minimization theorems and fixed point theorems in complete
metric spaces, Math. Japon. 44 (1996) 381–391.
[10] N. Shioji, T. Suzuki, W. Takahashi, Contractive mappings, Kannan mappings and metric completeness, Proc.
Amer. Math. Soc. 126 (1998) 3117–3124.
[11] T. Suzuki, Several fixed point theorems in complete metric spaces, Yokohama Math. J. 44 (1997) 61–72.
[12] T. Suzuki, Generalized distance and existence theorems in complete metric spaces, J. Math. Anal. Appl. 253
(2001) 440–458.
[13] T. Suzuki, On Downing–Kirk’s theorem, J. Math. Anal. Appl. 286 (2003) 453–458.
[14] T. Suzuki, Several fixed point theorems concerning τ -distance, Fixed Point Theory Appl., in press.
[15] T. Suzuki, Contractive mappings are Kannan mappings, and Kannan mappings are contractive mappings in
some sense, submitted for publication.
[16] T. Suzuki, W. Takahashi, Fixed point theorems and characterizations of metric completeness, Topol. Methods
Nonlinear Anal. 8 (1996) 371–382.
[17] D. Tataru, Viscosity solutions of Hamilton–Jacobi equations with unbounded nonlinear terms, J. Math. Anal.
Appl. 163 (1992) 345–392.
[18] J.D. Weston, A characterization of metric completeness, Proc. Amer. Math. Soc. 64 (1977) 186–188.
[19] C.-K. Zhong, On Ekeland’s variational principle and a minimax theorem, J. Math. Anal. Appl. 205 (1997)
239–250.
